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Abstrat
We study the leading order nite size orretion (Lüsher's µ-term) assoiated to moving one-
partile states, arbitrary sattering states and nite volume form fators in 1 + 1 dimensional
integrable models. Our method is based on the idea that the µ-term is intimately onneted to
the inner struture of the partiles, ie. their omposition under the bootstrap program. We use an
appropriate analyti ontinuation of the Bethe-Yang equations to quantize bound states in nite
volume and obtain the leading µ-term (assoiated to symmetri partile fusions) by alulating the
deviations from the preditions of the ordinary Bethe-Yang quantization. Our results are ompared
to numerial data of the E8 sattering theory obtained by trunated fermioni spae approah. As
a by-produt it is shown that the bound state quantization does not only yield the orret µ-term,
but also provides the sum over a subset of higher order orretions as well.
1 Introdution
The knowledge of the properties of nite volume QFT is of entral importane in at least two
ways. On one hand, numerial approahes to QFT neessarily deal with a nite volume box and
in order to interpret the results orretly a reliable theoretial ontrol of nite size orretions is
needed. On the other hand, working in nite volume is not neessarily a disadvantage. On the
ontrary, the volume dependene of the spetrum an be exploited to obtain (innite volume)
physial quantities like the elasti sattering phase shifts [1, 2℄ or resonane widths [3, 4℄.
Finite size mass orretion were rst derived by Lüsher [5℄. The 1 + 1 dimensional formulas
relevant to integrable models together with a generalized F-term formula for moving partiles were
obtained in [6℄. Finite size orretions have reently beome important in the ontext of AdS/CFT
orrespondene as well. The generalized µ-term and F-term formulas for moving partiles with
arbitrary dispersion relation were derived in [7, 8℄.
Besides the volume dependene of the spetrum itself, nite volume form fators (matrix el-
ements of loal operators) also represent a entral objet in nite volume QFT. Apart from the
obvious relevane to lattie QFT they are also important in 1 + 1 dimensional models, where they
an be used to onstrut a systemati low-temperature expansion of orrelation funtions at nite
temperature [9℄. The onnetion to innite volume form fators is given by a simple (though non-
trivial) proportionality fator [10, 11, 12℄ whih is exat to all orders in the inverse of the volume.
There are however nite size orretions that deay exponentially with the volume and they play
a ruial role whenever the numerial simulation is limited to small volumes. Moreover, they an
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Figure 2.1: Pitorial representation of partile fusions.
produe huge deviations even in relatively large volumes provided that the exponent is small. This
work was partly motivated by suh an example whih an be found in [12℄ (setion 4.1.2).
In this work we present a method to obtain the leading µ-term assoiated to arbitrary multi-
partile energy levels and nite volume form fators in 1 + 1 dimensional integrable models. Our
approah is based on the idea that the µ-term is assoiated to the inner struture of the partiles,
ie. their omposition under the bootstrap program. It is supposed that the leading µ-term is aused
by a symmetri partile fusion AaAa → Ac. The results an also be applied in nonintegrable models
for states below the rst inelasti threshold.
The outline of the paper is as follows.
We begin our analysis in se. 2 by giving a new interpretation of Lüsher's µ-term and ex-
tending it to desribe moving partiles. The saling Ising model serves as a testing ground for our
alulations: the analyti preditions are ompared to numerial data obtained by the Trunated
Conformal Spae Approah (TCSA) developed by Yurov and Zamolodhikov [13℄. The extension
of our results to arbitrary multi-partile sattering states is presented in setion 3.
Setion 4 deals with the µ-term of nite volume form fators and setion 5 is devoted to the
onlusions.
2 One-partile states
2.1 Bound-states in nite volume
Let us onsider an integrable QFT with diagonal sattering. The spetrum onsists of partiles
Ai, i = 1, . . . , N , with masses mi whih are assumed to be stritly non-degenerate. Asymptoti
states are denoted by
|θ1, θ2, . . . , θn〉i1i2...in ,
where the indies i1 . . . in denote the partile speies. Multi-partile sattering proesses are de-
sribed by the produts of two-partile phase shifts Sij(θij) where θij is the relative rapidity of the
inoming partiles Ai and Aj .
The expliit formulas for the leading nite size mass orretions in a periodi box of volume L
read [6℄
∆m(µ)a = −
∑′
b,c
θ(m2a − |m2b −m2c |)µcab (Γcab)2 e−µ
c
abL
(2.1)
∆m(F )a = −
∑′
b
P
∫ ∞
−∞
dθ
2π
e−mbL cosh(θ)mb cosh(θ) (Sab(θ + iπ/2)− 1) (2.2)
µcab is the altitude of the mass triangle with base mc (see gure 2.1) and (Γ
c
ab)
2
is the residue of
Sab(θ) orresponding to the formation of the bound state.
2
Here we determine the leading µ-term assoiated to a moving one-partile state Ac. Based
on the desription of mass orretions it is expeted that this ontribution is assoiated to the
fusion AaAb → Ac with the smallest µcab. We assume that a = b, ie. the fusion in question is a
symmetri one. This happens to be true for the lightest partile in models with the Φ3-property
and for other low lying states in most known models. At the end of this setion we omment on
the possible extension to nonsymmetri fusions.
The bootstrap priniple for a symmetri fusion onsists of the identiation
|θ〉c ∼ |θ + iu¯aac, θ − iu¯aac〉aa (2.3)
resulting in
mc = 2ma cos(u¯
a
ac) (µ
c
aa)
2
= m2a −
m2c
4
Smallness of µcaa means that mc is lose to 2ma, in other words the binding energy is small.
For a moment let us lay aside the framework of QFT and onsider quantum mehanis with an
attrative potential. Bound states are desribed by wave funtions
Ψ(x1, x2) = e
iP (x1+x2)ψ(x1 − x2)
where P is the total momentum and ψ(x) is the appropriate solution of the Shrödinger equation
in the relative oordinate. It is loalized around x = 0 and shows exponential deay at innity.
Exept for the region x1 ≈ x2, the wave funtion an be approximated with a produt of plane
waves with imaginary momenta p1,2 = P ± ik. The interation results in the quantization of the
allowed values of k.
The theory in nite volume is desribed along the same lines. There are however two dierenes:
• The total momentum gets quantized.
• ψ(x) (and therefore k) obtains nite volume orretions.
This piture also applies to relativisti integrable theories. We onsider Ac as a simple quantum
mehanial bound state of two elementary partiles and use the innite volume sattering data
to desribe the interation between the onstituents. To develop these ideas, let us onsider the
spetrum of the theory dened on a irle with irumferene L. We state the identiation
|Ac(θ)〉L ∼ |Aa(θ1)Aa(θ2)〉L (2.4)
where the θ1,2 are omplex to desribe a bound-state; this idea also appeared in [14, 15℄. Relation
(2.4) an be regarded as the nite volume realization of (2.3). The total energy and momentum of
the bound state have to be purely real, onstraining the rapidities to take the form
θ1 = θ + iu, θ2 = θ − iu (2.5)
where the dependene on L is suppressed. Energy and momentum are alulated as
E = 2ma cos(u) cosh(θ) p = 2ma cos(u) sinh(θ) (2.6)
The momenta of two-partile states in nite volume are quantized by a relation involving the
sattering phase shift [1℄. This proedure an be extended in 1 + 1 dimensional integrable models
to arbitrary multi-partile sattering states. The quantization ondition for an n-partile state is
given by the Bethe-Yang equations
eipjL
n∏
k=1
k 6=j
Sijik(θj − θk) = 1, j = 1 . . . n
To quantize the bound state in nite volume, an appropriate analyti ontinuation of the above
equations with n = 2 an be applied. This proedure is justied by the same reasoning that leads
to original Bethe-Yang equations: one assumes plane waves (with imaginary momenta) exept for
3
the loalized interation, whih is desribed by the S-matrix of the innite volume theory. Inserting
(2.5) and separating the real and imaginary parts
eima cos(u) sinh(θ)Le−ma sin(u) cosh(θ)LSaa(2iu) = 1 (2.7)
eima cos(u) sinh(θ)Lema sin(u) cosh(θ)LSaa(−2iu) = 1 (2.8)
Multiplying the two equations and making use of S(2iu) = S(−2iu)−1 one arrives at
e2ima cos(u) sinh(θ)L = 1 or 2ma cos(u) sinh(θ) =
2πI
L
(2.9)
whih is the quantization ondition for the total momentum. I is to be identied with the momentum
quantum number of Ac. The quantization ondition for u is found by eliminating θ from (2.7):
e
−maL sin(u)
q
1+( piImaL cos(u) )
2
Saa(2iu) = (−1)I (2.10)
The exponential fator fores u to be lose to the pole of the S-matrix assoiated to the formation
of the bound-state. For the ase at hand it reads
Saa(θ ∼ iucaa) ∼
i (Γcaa)
2
θ − iucaa
(2.11)
with ucaa = 2u¯
a
ac. Note the appearane of (−1)I on the rhs. of (2.10), whih is a natural onsequene
of the quantization of the total momentum. This sign determines the diretion from whih the pole
is approahed.
The exat solution of (2.10) an be developed into a power series in e−µ
c
aaL
, where the rst term
is found by replaing u with u¯aac in the exponent:
u− u¯aac = (−1)I
1
2
(Γcaa)
2 e−µ
c
aaL
q
1+( 2piImcL )
2
+O(e−2µ
c
aaL) (2.12)
First order orretions to the energy are readily evaluated to give
E = E0 − (−1)I (Γcaa)2
µcaamc
E0
e−
µcaaE0
mc
L +O(e−2µ
c
aaL) (2.13)
where E0 is the ordinary one-partile energy
E0 =
√
m2c +
(
2πI
L
)2
In the ase of zero momentum the former result simplies to the leading term in (2.1). For large
volumes we reover
u→ u¯aac θ → arsh
2πI
mcL
Having established the quantization proedure we now turn to the question of momentum
quantum numbers inside the bound state. For the phase shift let us adopt the onvention introdued
in [12℄
Sab(θ) = Sab(0)e
iδab(θ)
where δab(θ) is dened to be ontinuous on the real line and is antisymmetri by unitarity and real
analytiity. δab(θ) an be extended unambiguously to the imaginary axis by analyti ontinuation
apart from the hoie of the logarithmi branh. For a generi rapidity one has
δab(θ
∗) = δab(θ)
∗ δab(−θ) = −δab(θ)
Note that δab(iu) is purely imaginary.
With this hoie of the phase shift the Bethe-Yang equations in their logarithmi form
l sinh(θ + iu) + δ11(2iu) = 2πI1
l sinh(θ − iu) + δ11(−2iu) = 2πI2
4
imply I1 = I2. Quantization of the total momentum on the other hand requires I1 = I2 = I/2. Note
that dierent onventions for δab would result in a less transparent rule for dividing I among the two
onstituents. The only disadvantage of our hoie is the appearane of the unphysial half-integer
quantum numbers.
Let us denote a multi-partile state in nite volume as
|{I1, . . . In}〉i1i2···n,L
where the quantum numbers Ii serve as an input to the Bethe-Yang equations. The bound-state
quantization an be written in short-hand notation as
|{I}〉c,L ∼ |{I/2, I/2}〉aa,L
The example of mass orretions suggests that in order to obtain the total µ-term it is neessary
to inlude a sum in (2.13) over the dierent fusions leading to Ac. However, the ase of nonsymmetri
fusions requires speial are. Here we outline the diulties of the nonsymmetri bound state
quantization.
A straightforward appliation of the Bethe-Yang equations to an
∣∣Aa(θ + iu¯bac)Ab(θ − iu¯abc)〉L
bound state yields a nontrivial phase fator e
2Ipi ma
ma+mb
instead of (−1)I in (2.10). This in turn
implies that the rapidity dierene of the onstituents an not be purely imaginary. The real parts
of the rapidities thus get dierent nite size orretions and the total energy of the bound state
beomes omplex. A possible solution would be to take twie the real part of the energy orretion,
orresponding to the sum of the ontributions oming from the AaAb → Ac and AbAa → Ac fusions.
This is however only a guess and a more systemati treatment is needed. In fat, the innite volume
bootstrap priniple suggests that the states∣∣Aa(θ − iu¯bac)Ab(θ + iu¯abc)〉L and ∣∣Aa(θ + iu¯bac)Ab(θ − iu¯abc)〉L
should be handled on an equal footing. A possible way to aomplish this would be to develop a
multi-hannel Bethe-Yang quantization sheme. However, this is beyond the sope of the present
work.
As a onlusion of this setion (2.12) is ompared to the lowest order results of the TBA
approah. The general disussion of exited states TBA equations in diagonal sattering theories
is not available. For simpliity we restrit ourselves to the Lee-Yang model whih was onsidered
in the original paper [16℄. In this nonunitary model there is only one partile and the sattering is
desribed by
S(θ) =
sinh(θ) + i sin(π/3)
sinh(θ)− i sin(π/3)
The exat TBA equations for moving one-partile states read
E = −im(sinh θ0 − sinh θ¯0)−
∫ ∞
−∞
dθ
2π
m cosh(θ)L(θ) (2.14)
ε(θ) = mR cosh θ + log
S(θ − θ0)
S(θ − θ¯0)
− (ϕ ⋆ L)(θ) (2.15)
where
L(θ) = log(1 + e−ε(θ)) and (f ⋆ g)(θ) =
∫ ∞
−∞
dθ′
2π
f(θ − θ′)g(θ′)
Here the volume is denoted by R to avoid onfusion with L(θ). The omplex rapidity θ0 satises
the onsisteny equation
ε(θ0) = mR cosh θ0 + iπ − log(S(2iImθ0))− (ϕ ⋆ L)(θ) = i(2n+ 1)π (2.16)
The onvolution term in (2.16) an be negleted and one obtains Imθ0 = π/6 + δ where δ is
exponentially small. To zeroth order one also has
mR cosh(Reθ0) = (4n+ (1− signδ))π
5
whih is the ordinary one-partile quantization ondition with I = 2n+ 12 (1−signδ). Negleting the
ontribution of the integral in (2.14) and substituting θ0 = θ + iu one has E = 2m sin(u) cosh(θ).
This is exatly the energy of an AA bound state with the imaginary rapidities θ±iu. Separating the
real and imaginary parts of (2.16) and still negleting the onvolution term (whih is responsible
for the F-term) one obtains equations (2.10) and (2.9), thus proving the onsisteny of the two
approahes.
It seems plausible that by exatly solving the bound state quantization ondition (2.10) one
obtains all higher order orretions that go as e−nµ
c
aaL
with n ∈ N. In the next subsetion we
present numerial evidene to support this laim.
2.2 Numerial analysis
We investigate the famous E8 sattering theory [17℄, whih is the relativisti integrable eld
theory assoiated to the saling limit of the Ising model in the presene of a magneti eld. The
innite volume spetrum of the model onsists of 8 partiles. The rst three partiles lie below the
two-partile threshold and they all show up as A1A1 bound states. These fusions are responsible
for the leading µ-term. The orresponding parameters (in units of m1) are listed in the table below.
The exponent of the next-to-leading orretion (the error exponent) is denoted by µ′.
a ma µ
a
11 (Γ
a
11)
2
µ′
1 1 0.86603 205.14 1 (m1)
2 1.6180 0.58779 120.80 0.95106 (µ212)
3 1.9890 0.10453 1.0819 0.20906 (2µ311)
In [6℄ Klassen and Melzer performed the numerial analysis of mass orretions. The analyti
preditions were ompared to TCSA data and to transfer matrix results. They observed the expeted
behaviour of mass orretions of A1 and A2; in the former ase they were also able to verify the
F-term. On the other hand, the preision of their TCSA data was not suient to reah volumes
where the µ-term for A3 ould have been tested. This limitation is a natural onsequene of the
unusually small exponent µ311: the next-to-leading ontribution is of order e
−2µ311L
, still very slowly
deaying.
Here we employ the TFCSA (Trunated Fermioni Conformal Spae Approah, see [18℄) routines
that were suessfully used in [9, 12℄. Calulations are performed for I = 0, 1, 2, 3 at dierent values
of the volume. One-partile states of A1, A2 and A3 are easily identied: they are the lowest
lying levels in the spetrum, exept for I = 0 where the lowest state is the vauum. We use the
dimensionless quantities l = m1L and e = E/m1.
The results are extrapolated from ecut = 20..30 to ecut = ∞ using the proedure developed
in [19℄. Our experiene shows that this extrapolation tehnique redues the numerial errors by
an order of magnitude. However, our attempts to develop an adequate method to estimate these
errors have failed. Several examples were enountered where the atual numerial deviation was
either underestimated or overestimated, no matter whih estimate was used. We therefore resign
from quantitatively monitoring the TCSA errors and onstrain ourselves to a range of the volume
parameter where it is safe to neglet trunation eets.
2.2.1 A3
We begin our analysis with the most interesting ase of A3. At eah value of l and I the following
proedure is performed.
• The energy orretion is alulated aording to (2.13)
• The quantization ondition (2.10) is solved for u and the energy orretion is alulated by
∆e = 2 cosh(θ) cos(u)− e0
where θ is determined by the total momentum quantization (2.9) and e0 is the ordinary
one-partile energy.
• The exat orretion is alulated numerially by ∆e = eTCSA − e0.
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Figure 2.2: Finite size orretions to A3 one-partile levels (in setors
I = 0 . . . 3) as a funtion of the volume. The TCSA data are plotted against
theoretial preditions of the single µ-term assoiated to the A1A1 → A3
fusion (solid urve) and the exat solution of the bound-state quantization
(dotted urve).
The hoie for the range of the volumes is limited in two ways. On one hand, l has to be
suiently large in order to redue the ontribution of the F terms and other higher order nite
size orretions. On the other hand, numerial errors grow with the volume and eventually beome
omparable with the nite size orretions, resulting in an upper bound on l. The window l = 30..40
is suitable for our purposes.
The results are shown in gure 2.2. It is lear that the µ-term yields the orret predition in
the L→∞ limit. However, higher order terms ause a signiant deviation for l < 40, whih is in
turn aurately desribed by the bound state predition. The sign of the orretion depends on the
parity of I as predited by (2.13).
Based on the suess of this rst numerial test we also explored the region l < 30. Inspeting the
behaviour of u as a funtion of l reveals an interesting phenomenon. It is obvious from (2.12) that
u(l) is monotonously inreasing if I is odd, with the innite volume limit xed to u¯aac. However, the
omplex onjugate pair θ1,2 approahes the real axis as l is dereased and they ollide at a ritial
volume l = lc. For l < lc they separate again but stay on the real line, providing a unique solution
with two distint purely real rapidities. The same behaviour was also observed in [14, 15℄.
The interpretation of this phenomenon is evident: if the volume is omparable to the harater-
isti size of the bound-state, there is enough energy in the system for the onstituents to beome
unbound. Therefore the A3 one-partile level beomes an A1A1 sattering state for l < lc. We all
this phenomenon the dissoiation of the bound state. The same result was obtained also in the
boundary sine-Gordon model by a semilassial analysis [20℄.
The value of lc an be found by exploiting the fat that the Jaobian of the Bethe-Yang equations
(viewed as a mapping from (θ1, θ2) to (I1, I2)) vanishes at the ritial point. A straightforward
alulation yields
lc =
√
4ϕ11(0)2 − I2π2
where ϕ11(θ) = δ
′
11(θ). The numerial values for the ase at hand are
lc = 27.887 (I = 1) and lc = 26.434 (I = 3)
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Figure 2.3: A3 one-partile levels in setors I = 0 . . . 3 as a funtion of the
volume. Dots represent TCSA data, while the lines show the orresponding
predition of the A1A1 bound state quantization. In setors I = 1 and
I = 3 the bound state dissoiates at lc and for l < lc a onventional A1A1
sattering state replaes A3 in the spetrum. The values of lc are shown
by the two arrows.
We are now in the position to omplete the numerial analysis. The Bethe-equations are solved
at eah value of l, providing two distint real rapidities for l < lc (with I being odd), and a omplex
onjugate pair otherwise. The energy is alulated in either ase as
e = cosh(θ1) + cosh(θ2)
whih is ompared to TCSA data. The results are exhibited in gure 2.3.
The agreement for the upper two urves (I = 1 and I = 3) is not as suprising as it may seem
beause what one sees here are onventional A1A1 sattering states. The Bethe-Yang equation
determining their energy is exat up to O(e−µ
′L) where µ′ = µ111 is the smallest exponent that
ours in the sequene of nite volume orretions of A1. On the other hand, the energy levels are
analyti funtions of L, whih leads to the onlusion that the predition of (2.10) is orret up to
O(e−µ
1
11L) even for L > Lc. Comparing the numerial values one nds µ
1
11 > 8µ
3
11. We onlude
that the bound state piture indeed aounts for nite volume orretions up to the rst few orders
in e−µ
c
aaL
(the rst 8 orders in the ase at hand).
2.2.2 A1 and A2
Partiles A1 and A2 also appear as A1A1 bound states. However, there is no point in applying
the omplete bound state quantization to them, beause the error terms dominate over the higher
order ontributions from (2.10): the exponents of the subleading nite size orretions m1 and
µ212 are smaller than 2µ
1
11 and 2µ
2
11. Nevertheless, the leading µ-term an be veried by hoosing
suitable windows in l.
In gures A.1 and A.2 log(|∆e|) is plotted against the predition of (2.13) for l = 6..16 and
l = 6..22. (the sign of ∆e was found to be in aordane with (2.13) for both A1 and A2)
In the ase of A1 perfet agreement is observed for l = 10..18 in the setors I = 0 and I = 1.
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For I = 2 and I = 3 the energy orretions beome too small and therefore inaessible to TCSA
(note that the predition for I = 3 is of order 10−6).
In the ase of A2 preise agreement is found for l = 14..22 in all four setors.
2.2.3 A5
Here we present an interesting alulation that determines the leading mass orretions of
A5. The standard formulas are inappliable in this ase, beause m5 lies above the two-partile
threshold. However, it is instrutive to onsider the omposition of A5 under the bootstrap priniple
and to evaluate the µ-term predition.
There are two relevant fusions
A1A3 → A5 with µ513 = 0.2079
A2A2 → A5 with µ522 = 0.6581
Numerial evaluation of (2.1) shows that the ontribution of the seond fusion is negligible for
l > 30. The rst fusion on the other hand yields a signiant disrepany when ompared to TCSA
data. This failure is onneted to the two-partile threshold and it an be explained in terms of the
bound state quantization. Experiene with A3 suggests that one should rst take into aount the
energy orretions of A3 and onsider the A1A3 → A5 fusion afterwards. A3 an be split into A1A1
leading to the triple bound state A1A1A1 → A5. In innite volume one has (see also g. 2.1 .)
|θ〉5 ∼
∣∣θ − 2iu¯311, θ, θ + 2iu¯311〉111
The nite volume realization of this identiation is most easily arried out in the I = 0 setor
with
|{0}〉5,L ∼ |{0, 0, 0}〉111,L
Setting up the three-partile Bethe-Yang equations with rapidites (iu, 0,−iu):
e−m1 sin(u)LS11(iu)S11(2iu) = 1
S11(iu)S11(−iu) = 1
em1 sin(u)LS11(−iu)S11(−2iu) = 1
The seond equation is automatially satised due to unitarity and real analytiity, whereas the
rst and the third are equivalent and they serve as a quantization ondition for u. The nite volume
mass of A5 is given in terms of the solution by
m5(l) = 2 cos(u) + 1 (2.17)
In the large L limit the innite volume mass is reprodued by u→ 2u¯311. Figure 2.4 demonstrates
the agreement between TCSA and the predition of (2.17).
The possibility of solving the quantization of the triple bound state in a moving frame looks
very appealing. In the general ase the rapidities are expeted to take the form (θ1+ iu, θ2, θ1− iu)
where θ1 and θ2 do not neessarily oinide. However, the numerial preision of our TCSA data
was not suient to hek our preditions.
3 Multi-partile states
3.1 Bethe-Yang quantization in the bound state piture
Multi-partile states in nite volume are denoted by
|{I1, . . . In}〉i1i2...in,L
where the quantum numbers Ij serve as an input to the Bethe-Yang equations
Qj(θ1, . . . , θn) = mij sinh(θj)L+
∑
k 6=j
δijik(θj − θk) = 2πIj j = 1 . . . n (3.1)
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The energy is alulated as
E =
n∑
j=1
mij cosh(θ¯j) + . . . (3.2)
where (θ¯, θ¯1, . . . , θ¯n) is the solution of (3.1). The dots indiate exponentially deaying nite size
orretions.
Let us onsider a sattering state |{I, I1, . . . , In}〉cb1...bn,L omposed of n+ 1 partiles, the rst
one being Ac. We determine the leading part of the µ-term by onsidering Ac as an AaAa bound
state inside the multi-partile state. Therefore we write
|{I, I1, . . . , In}〉cb1...bn,L ∼ |{I/2, I/2, I1, . . . , In}〉aab1...bn,L (3.3)
The energy is then determined by analyti ontinuation of the n+2 partile Bethe-Yang equations.
They read
e−ma sin(u) cosh(θ)Leima cos(u) sinh(θ)LSaa(2iu)
n∏
j=1
Sabj (θ + iu− θj) = 1 (3.4)
ema sin(u) cosh(θ)Leima cos(u) sinh(θ)LSaa(−2iu)
n∏
j=1
Sabj (θ − iu− θj) = 1 (3.5)
eimbj sinh(θj)LSabj (θj − θ − iu)Sabj (θj − θ + iu)
n∏
k=1
k 6=j
Sbjbk(θj − θk) = 1 (3.6)
The ordinary n + 1 partile Bethe-equations are reprodued in the L → ∞ limit by multiplying
(3.4) and (3.5) and making use of the bootstrap equation
Scbj (θ) = Sabj (θ + iu¯
a
ac)Sabj (θ − iu¯aac)
We now proeed similar to the previous setion and derive a formula for the leading orretion.
The shift in the imaginary part of the rapidity an be alulated by making use of (3.4) and (2.11)
as
∆u = u− u¯aac =
(Γcaa)
2
2
e−µ cosh(θ¯)Leimc sinh(θ¯)L/2
n∏
j=1
Sabj (θ¯ + iu¯
a
ac − θ¯j) (3.7)
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Multiplying (3.4) and (3.5)
ei2ma cos(u) sinh(θ)L
n∏
j=1
Sabj (θ − iu− θj)Sabj (θ + iu− θj) = 1 (3.8)
eimbj sinh(θj)LSabj (θj − θ − iu)Sabj (θj − θ + iu)
n∏
k=1
k 6=j
Sbjbk(θj − θk) = 1 (3.9)
Let us dene
Sabj (θ − iu− θj)Sabj (θ + iu− θj) ≈ Scbj (θ − θj)ei∆uϕ¯cbj (θ−θj)
where
ϕ¯cbj (θ) = iϕcbj (θ + iu¯
a
ac)− iϕcbj (θ − iu¯aac) with ϕab(θ) = δ′ab(θ)
Using 2ma cos(u) ≈ mc − 2µcaa∆u the logarythm of (3.8) and (3.9) an be written as
Q0(θ, θ1, . . . , θn) =

2µcaa sinh(θ)L −
n∑
j=1
ϕ¯cbj (θ − θj)

∆u
Qj(θ, θ1, . . . , θn) = ϕ¯cbj (θ − θj)∆u
The lhs. an be expanded around the n+ 1 partile solution (θ¯, θ¯n, . . . , θ¯n) to arrive at

θ − θ¯
θ1 − θ¯1
.
.
.
θn − θ¯n

 =
(
J (n+1)
)−1


2µcaa sinh(θ¯)L−
∑n
j=1 ϕ¯cbj (θ¯ − θ¯j)
ϕ¯cb1(θ¯ − θ¯1)
.
.
.
ϕ¯cbn(θ¯ − θ¯n)

∆u (3.10)
where
J (n+1)kl =
∂Qk
∂θl
The nal result for the energy orretion reads
∆E = −2µcaa cosh(θ¯)∆u+


mc sinh(θ¯)
mb1 sinh(θ¯1)
.
.
.
mbn sinh(θ¯n)


(J n+1)−1


2µcaa sinh(θ¯)L−
∑n
j=1 ϕ¯cbj (θ¯ − θ¯j)
ϕ¯cb1(θ¯ − θ¯1)
.
.
.
ϕ¯cbn(θ¯ − θ¯n)

∆u
(3.11)
with ∆u given by (3.7).
Based on the previous setion it is expeted that there is a similar ontribution for every fusion
leading to eah one of the onstituents of the multi-partile state.
3.2 Multi-partile states  Numerial analysis
We rst onsider nite size orretions to A1A3 states. They are not the lowest lying two-partile
states in the spetrum, but they possess the largest µ-term whih is onneted to the A1A1 → A3
fusion. Given a partiular state |{I1, I3}〉13,L the following proedure is performed at eah value of
the volume:
• The two-partile Bethe-Yang equation for |{I1, I3}〉13,L is solved and the µ-term is alulated
aording to (3.11).
• The exat three-partile Bethe-Yang equation is solved for |{I1, I3/2, I3/2}〉111,L
The results for dierent A1A3 levels are shown in gure A.3. The situation is similar to the ase
of the A3 one-partile levels: the bound state quantization yields a remarkably aurate predition,
whereas the single µ-term predition only beomes orret in the L→∞ limit.
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In table A.1 we present a numerial example for the dissoiation of the bound state inside the
two-partile state. In this ase an A1A3 state turns into a onventional A1A1A1 three-partile state
at lc ≈ 30.
Finite size orretions to A1A1 and A1A2 states are also investigated, the leading µ-term given
by the fusions A1A1 → A1 and A1A1 → A2, respetively. In the former ase we alulate separately
the ontribution assoiated to both A1 partiles and add them to get the total orretion. Results
are exhibited in gures A.4 and A.5 and formula (3.11) is veried in both ases.
4 Finite volume form fators
The onnetion between nite volume and innite volume form fators was derived in [12℄ as
j1...jm,L〈{I ′1, . . . , I ′m}|O(0, 0)|{I1, . . . , In}〉i1...in,L =
FO(θ¯′m + iπ, . . . , θ¯
′
1 + iπ, θ¯1, . . . , θ¯n)jm...j1i1...in√
ρi1...in(θ¯1, . . . , θ¯n)ρj1...jm(θ¯
′
1, . . . , θ¯
′
m)
+O(e−µ
′L) (4.1)
where the rapidities θ¯ are solutions of the orresponding Bethe-Yang equations and it is supposed
that θ¯j 6= θ¯′k whenever ij = ik. The extension of (4.1) to inlude disonneted terms an be found
in [9℄. The proportionality fator in (4.1) is given by the density of states
ρ
(n)
i1...in
(θ¯1, . . . , θ¯n) = detJ (n) , J (n)kl =
∂Qk
∂θl
, k, l = 1 . . . n
whih an be used to identify formally the nite volume and innite volume states as
|{I1, . . . In}〉i1i2···n,L ∼
1√
ρ
(n)
i1...in
(θ¯1, . . . , θ¯n)
∣∣θ¯1, . . . , θ¯n〉i1...in
Based on general arguments it was shown in [12℄ that µ′ ≥ µ where µ is determined by the pole of
the S-matrix losest to the physial line. A systemati nite volume perturbation theory (Lüsher's
method applied to form fators) is not available. However, it is expeted that the atual value of
µ′ depends on what diagrams ontribute to the form fator in question. Apart from the insertion
of the loal operator they oinide with the diagrams determining the nite size orretions of the
multi-partile state. Therefore µ′ is assoiated to the bound state struture of the onstituents of
the multi-partile state. In this setion it is shown that the leading orretion term an be obtained
by the bound state quantization.
4.1 Elementary one-partile form fators
(4.1) yields a simple predition for the elementary one-partile form fator:
FOc (I, L) ≡ 〈0|O(0, 0)|{I}〉c,L =
FOc√
EL
+O(e−µ
′L) (4.2)
where E is the one-partile energy, and FOc = F
O
c (θ) is the innite volume one-partile form fator,
whih is onstant by Lorentz symmetry.
The µ-term assoiated to (4.2) is derived by employing the bound state quantization. We gain
some intuition from the previous setions where it was found that the bound state AaAa may
dissoiate at a ritial volume Lc. For L < Lc there is no one-partile level of type Ac in the given
setor of the spetrum, however an AaAa sattering state appears instead. Finite volume form
fators of this state are alulated using (4.1) as
FOc (I, L) =
FO(θ1, θ2)aa√
ρaa(θ1, θ2)
for L < Lc (4.3)
The generalization to L > Lc seems to be straightforward: one has to ontinue analytially (4.3)
to the solutions of the Bethe-Yang equation with imaginary rapidities θ1,2 = θ± iu. However, note
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that equations (4.2) and (4.3) are valid up to a phase fator. In order to ontinue analytially to
imaginary rapidities we also need to x this phase
1
.
The two-partile form fator satises
FO(θ1, θ2)aa = Saa(θ1 − θ2)FO(θ2, θ1)aa
The simplest hoie for the phase is therefore
FO(θ1, θ2)aa =
√
Saa(θ1 − θ2)
∣∣FO(θ1, θ2)aa∣∣ (4.4)
This hoie is ditated by CPT symmetry [21, 10, 11℄, and it is respeted by all known solutions of
the form fator bootstrap axioms. There is a sign ambiguity aused by the square root, but it an
be xed by demanding (Saa(0))
1/2 = i and ontinuity. Using (4.4)
FOc (I, L) =
√
Saa(θ2 − θ1)FO(θ1, θ2)aa√
ρaa(θ1, θ2)
and upon analyti ontinuation
FOc (I, L) =
√
Saa(−2iu)FO(θ + iu, θ − iu)aa√
ρaa(θ + iu, θ − iu)
for L > Lc (4.5)
It is easy to see that the result (4.2) is reprodued in the L→∞ limit. First observe that
FO(θ + iu, θ − iu)aa ∼ Γ
c
aa
2(u− u¯caa)
FOc (θ)
The residue of ρaa is determined by ϕaa(2iu) and it reads
ρ(θ + iu, θ− iu)aa ∼ 2maL cos(u) cosh(θ)(−i)S
′
aa(2iu)
Saa(2iu)
= mcL cosh(θ)
1
2(u− u¯aac)
The singularities in the numerator and denominator of (4.5) anel and indeed
FOc (I, L) ∼
FOc√
mcL cosh(θ)
We emphasize that it is ruial to inlude the extra normalisation fator
√
Saa(−2iu) to obtain a
meaningful result.
Expression (4.5) an be developed into a Taylor-series in u − u¯aac. The rst order orretion is
evaluated in Appendix A and it reads
FOc (I, L) =
FOc√
E0cL
− 2iΓ
c
aa
(
FOaa
)′√
E0cL
(u − u¯aac) +
+
FOc√
E0cL
[
2Sc,0aa
(Γcaa)
2 +
mcµ
(E0c )
2
−
(
m2a
m2c
E0c −
µ2
E0c
)
L
]
(u − u¯aac) +O(e−2µL) (4.6)
where
(
FOaa
)′
= lim
θ−θ′=−2iu¯aac
d
dθ
FO(θ, θ′)aa
Sc,0aa = lim
u→u¯aac
(
Saa(2iu)− (Γ
c
aa)
2
2(u− u¯aac)
)
E0c is the ordinary one-partile energy and the rapidity shift u− u¯aac is given by (2.12).
1
The phase of a (nondiagonal) innite volume form fator is unphysial in the sense that it may be redened by a om-
plex rotation of the state vetors and physial quantities, e.g. orrelation funtions, do not depend on suh redenitions.
However, the bootstrap program uniquely assigns a phase to eah form fator.
13
4.2 One-partile form fators  Numerial analysis
Let us introdue the dimensionless form fators as
fi(I, l) =
〈0|ε(0, 0)|{I}〉i,L
m1
The mahinery of [12℄ is used to determine fi(I, l) for i = 1, 2, 3 and I = 0, 1, 2, 3. The numerial
results are ompared to the exat innite volume form fators [22, 23℄.
We start our investigation with f3(I, l), for whih relatively large exponential orretions were
already reported in [12℄. It is onvenient to onsider
f¯3(I, l) = (e0l)
1/2 f3(I, L) with lim
l→∞
f¯3(I, l) = F3 (4.7)
The numerial results are demonstrated in g. 4.1. Note, that this is exatly the same gure as
4.6. () in [12℄, but this time the interpretation of the huge deviations from F3 is also provided.
We also tried to verify the preditions for f1 and f2. In the latter ase reasonably good agreement
was found with TCSA, the results are demonstrated in g. A.6. In the ase of f1 we enountered
the unpleasant situation that the F-term deays slower than the TCSA errors grow, thus making
the observation of the µ-term impossible.
It is straightforward to generalize (4.5) to matrix elements between two dierent one-partile
states. For b 6= c one has for example
b〈{Ib}|ε|{Ic}〉c,L =
F ε(θb + iπ, θ + iu, θ − iu)baa√
ρb(θb)ρaa(θ + iu, θ − iu)
Numerial examples are presented in gures 4.2 (a)-() for c = 3 and b = 1, 2.
The most interesting ase is the one shown in g. 4.2 (d) where the matrix element between
two dierent A3 one-partile states are investigated. This an be done by onsidering both A3
partiles as the appropriate A1A1 bound states and then alulating the nite volume form fator
3〈{I}|ε|{I ′}〉3,L as
11〈{I/2, I/2}|ε|{I ′/2, I ′/2}〉11,L =
F ε(θ + iu+ iπ, θ − iu+ iπ, θ′ + iu′, θ′ − iu′)1111√
ρ11(θ′ + iu′, θ′ − iu′)ρ11(θ + iu, θ − iu)
One again we nd omplete agreement with the TCSA data.
4.3 Elementary multi-partile form fators
The generalization of (4.5) to multi-partile states is straightforward, the only task is to nd
the appropriate phase fator. Similar to the one-partile ase one has
FO(θ1, . . . , θm)b1...bm =
√∏
i<j
Sbibj (θi − θj)
∣∣FO(θ1, . . . , θm)b1...bm∣∣
A general n partile nite volume form fator with real rapidities an thus be written as√∏
i<j Sbibj (θj − θi)
ρn(θ1, . . . , θn)b1...bn
FO(θ1, . . . , θn)b1...bn
Substituting the solution of the Bethe-equation for the state |{I/2, I/2, I1, . . . , In}〉aab1...bn,L and
making use of the real analyity ondition
|Sabj (θj − θ − iu)Sabj (θj − θ + iu)| = 1
one gets
〈0|O|{I/2, I/2, I1, . . . , In}〉aab1...bn,L =
√
Saa(−2iu)
∣∣FO(θ + iu, θ − iu, θ1, . . . , θn)aab1...bn ∣∣√
ρ(n+2)(θ + iu, θ − iu, θ1, . . . , θn)aab1...bn
(4.8)
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Figure 4.1: Elementary nite volume form fators of A3 one-partile lev-
els. Here the normalization (4.7) is applied to obtain a nite l →∞ limit,
whih is given by the innite volume form fator F3 = 〈0|ε|A3(θ)〉. The
TCSA data are plotted against the bound state predition. The ordinary
evaluation of f¯3 is simply the onstant F3.
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(a) 1〈{0}|ε|{3}〉3,L
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(b) 1〈{0}|ε|{1}〉3,L
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(d) 3〈{−3}|ε|{3}〉3,L
Figure 4.2: One-partileone-partile form fators, dots orrespond to
TCSA data. The solid lines represent the ordinary evaluation of the -
nite volume form fators, while the dotted lines show the bound state
predition.
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Figure 4.3: Elementary form fators of A1A3 sattering states, dots
orrespond to TCSA data. The solid lines are obtained by a naive eval-
uation of the nite volume form fators, while the dotted line represents
the bound state predition. (in this ase A1A1A1 form fators at the ap-
propriate rapidities)
up to a physially irrelevant phase.
It is easy to show one again that the naive result is reprodued in the L → ∞ limit. To do
so, we rst quote the dynamial pole equation of the innite volume form fator:
FO(θ + iu, θ− iu, θ1, . . . , θn)aab1...bn =
Γcaa
2(u− u¯aac)
FO(θ, θ1, . . . , θn)cb1...bn +O(1)
The singularity of ρ(n+2) is given by
Resu→u¯aacρ
(n+2)(θ + iu, θ − iu, θ1, . . . , θn)aab1...bn =
1
2
ρ(n+1)(θ, θ1, . . . , θn)cb1...bn
The naive formula is now reovered by inserting the last two equations into (4.8).
The leading exponential orretions an be obtained by plugging (3.7) and (3.10) into (4.8) and
expanding to rst order in u − u¯aac. This proedure is straightforward but quite lengthy, therefore
we refrain from giving the details of the alulations.
In g. 4.3 two examples are presented for the evaluation of (4.8) applied to A1A3 two-partile
states.
5 Conlusions
In this work we determined the generalization of Lüsher's µ-term assoiated to moving one-
partile states, arbitrary sattering states and nite volume form fators. Our method is based on
the bootstrap priniple of the innite volume theory whih states that a partile whih is a bound
state of two others is indeed indistinguishable from the two-partile state with the appropriate
(imaginary) momenta. An analyti ontinuation of the Bethe-Yang equations was used to quantize
the bound states in nite volume.
The analyti results were tested by omparing the preditions to high-preision TCSA data of
the Ising model; a satisfatory agreement was observed in eah ase. We also demonstrated that the
bound state quantization goes beyond the leading mu-term orresponding to the fusion and gives
a resummation of all powers of e−µ
c
aaL
. This is a substantial improvement over the inlusion of the
leading Lüsher term when other soures of nite volume orretions (other fusions, F-terms) an
be negleted. Our main example was provided by partile A3 from the E8 sattering theory.
As an analyti hek the alulations were ompared to the leading order results of the exat
TBA equations. The agreement between the two approahes was expliitly demonstrated in the
ase of the one-partile levels of the Lee-Yang model.
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Our results an also be applied in nonintegrable models for states below the rst inelasti
threshold. However, the alulations only apply to symmetri fusions of the type AaAa → Ac.
The nonsymmetri ase requires an extension of the Bethe-Yang equations to inorporate multi-
hannel sattering. Suh a quantization sheme ould also be used to desribe nite volume states
in nonintegrable theories above the two-partile threshold.
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A µ-term for the one-partile form fator
Here we develop the rst order orretion to (4.5). Using the exhange axiom
FOc (I, L) =
FO(θ − iu, θ + iu)aa√
Saa(−2iu)ρaa(θ + iu, θ − iu)
(A.1)
The form fator axioms imply that
lim
u→u¯aac
FO(θ − iu, θ+ iu)aa = 1
Γcaa
FOc
The simple pole of ϕaa(2iu) in ρaa is anelled by Saa(−2iu), therefore both the numerator and
the denominator of (A.1) have ontinuous limits as u→ u¯aac.
The form fator FO(θ − iu, θ+ iu)aa only depends on u by Lorentz-symmetry. Therefore
FO(θ − iu, θ + iu)aa = 1
Γcaa
FOc − 2i
(
FOaa
)′
(u− u¯aac) + . . .
where (
FOaa
)′
=
d
dθ
FO(θ, θ′)aa
∣∣∣
θ−θ′=−2iu¯aac
Expanding the S-matrix element into a Laurent-series in the viinity of the pole
Saa(2iu) =
(Γcaa)
2
2(u− u¯aac)
+ Sc,0aa + . . .
Saa(−2iu) = 2(u− u¯
a
ac)
(Γcaa)
2 −
(
2(u− u¯aac)
(Γcaa)
2
)2
Sc,0aa + . . .
Expanding the denominator:
S(−2iu)ρaa(θ + iu, θ− iu) =
S(−2iu)E1E2L2 − i(E1 + E2)LS′(2iu)
(
S(−2iu)
)2
=
EcL
(Γcaa)
2 +
(
2E1E2L
2
(Γcaa)
2 −
4EcL
(Γcaa)
4S
c,0
aa
)
(u − u¯aac) + . . .
where
Ec = E1 + E2 = 2ma cos(u) cosh(θ)
Putting all this together
FOc (I, L) =
FOc√
EcL
+
+
[
−2iΓcaa
(
FOaa
)′
√
EcL
+
FOc√
EcL
3
(
−E1E2L2 + 2EcL
(Γcaa)
2S
c,0
aa
)]
(u − u¯aac) + . . .
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Note that in the preeding formulas Ec does inlude the leading order orretion to the usual
one-partile energy E0c =
√
m2c + (2πI)
2/L2. Using
Ec = E
0
c − 2
mcµ
E0c
(u− u¯aac) +O(e−2µL) and E1E2 =
m2a
m2c
E2c − µ2
the nal result is given by
FOc (I, L) =
FOc√
E0cL
− 2iΓ
c
aa
(
FOaa
)′√
E0cL
(u − u¯aac) +
+
FOc√
E0cL
[
2Sc,0aa
(Γcaa)
2 +
mcµ
(E0c )
2
−
(
m2a
m2c
E0c −
µ2
E0c
)
L
]
(u − u¯aac) +O(e−2µL) (A.2)
with
u− u¯aac = ±
1
2
(Γcaa)
2
e
−µcaaL
r
1+
“
piI
maL cos(u¯aac)
”2
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Figure A.1: Finite size orretions to A1 one-partile levels in setors
I = 0 . . . 3, log10∆e is plotted as a funtion of the volume. Dots represent
TCSA data, while the lines show the µ-term orresponding to the A1A1 →
A1 fusion.
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Figure A.2: Finite size orretions to A2 one-partile levels in setors
I = 0 . . . 3, log10∆e is plotted as a funtion of the volume. Dots represent
TCSA data, while the lines show the µ-term orresponding to the A1A1 →
A2 fusion.
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Figure A.3: Finite size orretions to A1A3 sattering states as a fun-
tion of the volume. Dots represent TCSA data, the solid line shows the
µ-term orresponding to the A1A1 → A3 fusion. The dotted lines are ob-
tained by the exat solution of the quantization ondition for the A1A1A1
three-partile system.
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Figure A.4: Finite size orretions to A1A1 sattering states, log10∆e is
plotted as a funtion of the volume. Dots represent TCSA data, while
the solid line show the sum of the two µ-terms orresponding to the
A1A1 → A1 fusions.
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Figure A.5: Finite size orretions to A1A2 sattering states, log10∆e
is plotted as a funtion of the volume. Dots represent TCSA data, while
the solid line show the µ-term orresponding to the A1A1 → A2 fusion.
l θ1 θ2 θ3 e(l) (predited) e(l) (TCSA)
22 0.44191 0.68235 -0.58742 3.51877 3.51900
23 0.42574 0.64280 -0.55190 3.46201 3.46219
24 0.60523 0.41155 -0.51892 3.41239 3.41255
25 0.56934 0.39931 -0.48831 3.36890 3.36907
26 0.38910 0.53475 -0.45989 3.33071 3.33089
27 0.50092 0.38119 -0.43350 3.29709 3.29729
28 0.46686 0.37634 -0.40899 3.26743 3.26767
29 0.42947 0.37739 -0.38622 3.24122 3.24164
30 0.38646 + 0.02332 i 0.38646 − 0.02332 i -0.36505 3.21801 3.21832
31 0.37059 + 0.04042 i 0.37059 − 0.04042 i -0.34537 3.19741 3.19775
32 0.35572 + 0.05104 i 0.35575 − 0.05104 i -0.32706 3.17908 3.17945
33 0.34182 + 0.05891 i 0.34182 − 0.05891 i -0.31002 3.16275 3.16313
34 0.32876 + 0.06513 i 0.32876 − 0.06513 i -0.29415 3.14816 3.14856
35 0.31650 + 0.07022 i 0.31650 − 0.07022 i -0.27936 3.13511 3.13547
36 0.30498 + 0.07446 i 0.30498 − 0.07446 i -0.26556 3.12341 3.12235
Table A.1: An example for the dissoiation of the A1A1 bound state
inside a sattering state. |{2, 0}〉31,L is identied with |{1, 1, 0}〉111,L and
the orresponding Bethe-Yang equations is solved. For l < 30 there is a
real A1A1A1 three-partile state in the spetrum, whereas at l ≈ 30 two of
the rapidities beome omplex and the two-partile state A1A3 emerges.
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Figure A.6: Finite size orretions to the elementary form fators of A2.
Dots represent TCSA data, while the lines show the µ-term predition
orresponding to the A1A1 → A2 fusion.
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